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Abstract 

The Hosoya index Z{G) of a graph G is defined as the total number of edge independent sets of 
G. In this paper, we extend the research of [J. Ou, On extremal unicyclic molecular graphs with 
maximal Hosoya index, Discrete Appl. Math. 157 (2009) 391-397.] and [Y. Ye, X. Pan, H. Liu, 
Ordering unicyclic graphs with respect to Hosoya indices and Merrifield- Simmons indices, MATCH 
Commun. Math. Comput. Chem. 59 (2008) 191-202.] and order the largest n — 1 unicyclic graphs 
with respect to the Hosoya index. 
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1 Introduction 

In this paper, we follow the standard notation in graph theory in [T]. Let G = {V,E) be a simple 
connected graph of order n. Two distinct edges in a graph G are independent if they are not incident 
with a common vertex in G. A set of pairwise independent edges in G is called a matching. A /c— matching 
of G is a set of k mutually independent edges. 

In theoretical chemistry molecular structure descriptors are used for modeling physico-chemical, phar- 
macologic, toxicologic, biological and other properties of chemical compounds. The Hosoya index ZiG) 
of a graph G is defined as the total number of its matchings [5]. If m{G, k) denotes the number of its 
/c— matchings, then 

1"/2J 

Z(G)- J2 m(G,fc). 

fc=0 
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The Hosoya index has been studied intensively in the hterature (see survey [20] and references [2j [71 
[TUl UM [T51 [2H [55] ) . It is shown in [5] that the hnear hexagonal chain is the unique graph with minimal 
Hosoya index among all hexagonal chains, while in [21] and [IS] the authors proved that zig-zag hexagonal 
chain is the unique chain with the maximal Hosoya index among all hexagonal chains. As for trees, it 
has been shown that the path has the maximal Hosoya index and the star has the minimal Hosoya index 
[B]. Recently, Hou [H] characterized the trees with a given size of matching having minimal and second 
minimal Hosoya index. Pan et al. in |16) characterized the trees with given diameter and having minimal 
Hosoya index. In |17j Ou used linear algebra theory on permanents to characterize the minimal and 
second minimal Hosoya index of unicyclic graphs with fixed girth. In |21j the authors considered the 
Hosoya and Mcrrificld-Simmons indices of unicyclic graphs with maximum degree A and characterized 
the graphs with the maximal Hosoya index and the minimal Mcrrificld-Simmons index. 

For V G V{G), we denote hy G — v the graph obtained from G by deleting the vertex v together with 
their incident edges. For e S E{G), we denote by G — e the graph obtained from G by removing the 
edge e. Let deg{v) denotes the vertex degree of v. We denote by P„, Sn and C„ the path, the star and 
the cycle on n vertices, respectively. By L^^k we denote the graph obtained from Gk and Pn-k+i by 
identifying a vertex of Gk with one end vertex of Pn-k+i- 

Let Fn denotes the n-th Fibonacci number. It is well-known that Fn satisfy the following recursive 
relations: 

Fn = Fn-1 + Fn-2, Fi = 1, ^^0 = 0, n>2 (1) 

Fn = FkFn-k+1 + Fk-lFn-k, 1 < fc < 71 (2) 

FmFn+1 — FnF,n+l — (— l)"Fm_„ (3) 
F-n = (-l)"+'i^n, n > 0. (4) 

Let lAn^k be the set of all unicyclic graphs of order n > 3 with girth fc > 3. It is easy to see that if 
fc = n or n — 1, there is only one unicyclic graph. Therefore, we can assume that 3 < fc < n — 2. Deng et 
al. in [3] showed that the unique extremal unicyclic graph in Un^k with maximal Hosoya index is L„,fc. 
Ou in [TS] proved the following: 

Theorem 1.1 Let G be a connected unicyclic graph of order n > 5. If G ^ C„, then Z{G) < Fn+i + 
2Fn-3, with the equality holding if and only if G = Ln,A or G ^ Ln,n-2- 

In [53], the authors presented the smallest [|J -I- 2 Hosoya indices of unicyclic graphs with given girth 
fc. A fully loaded unicyclic graph is a unicyclic graph with the property that there is no vertex with 
degree less than 3 in its unique cycle. Hua in determined the extremal fully loaded unicyclic graphs 
with minimal, second-minimal and third-minimal Hosoya indices. Deng in [3] obtained the largest Hosoya 
index of (n, n -\- 1) graphs. Inspired by these results, in this paper we determine the first n — 1 unicyclic 
graphs with the largest Hosoya index among all unicyclic graphs of order n. 

This paper is organized as follows. In Section 2, we give basic results concerning Hosoya index and 
some useful lemmas. In Section 3, we characterize unicyclic graphs in lAn.k with the second maximal 
Hosoya index. Finally in Section 4, we order the largest n — 1 unicyclic n-vertex graphs with respect to 
the Hosoya index. 
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2 Preliminary results 

We list some basic results from 6 concerning Hosoya index of a graph G: 
(i) Let e = WW be an edge of a graph G. Then 

Z{G) = Z{G-e) + Z{G-uv). (5) 

(m) Let w be a vertex of a graph G. Then 

Z{G) = Z{G-v) + ^Z{G-uv), (6) 

where the summation extends over all vertices adjacent to v. 

In particular, if w is a pendant vertex of G and u is the only vertex adjacent to w, we have Z{G) = 
Z{G-v) + Z{G-u~v). 

(iii) If Gi, 6*2, . . . ,Gk are connected components of G, then Z{G) — Yl^^i Z{Gi). 

(iv) For paths, stars and cycles, we have 

Z{Po) =. 0, Z(Pi) = 1, Z(P„) = F„+i, n>2. 

Z{Sn)^n; Z(G„) = F„_i+F„+i. 

Lemma 2.1 JlSf Let Tn be a tree of order n. Then Z{Sn) < Z{Tn) < Z{Pn), with the left equality 
holding if and only if Tn = Sn and the right equality holding if and only if Tn = Pn- 

Lemma 2.2 /<?/ Let Un,k G ^^?i,fc be a unicyclic graph with girth fc > 3. Then Z{Un^k) Z{Ln^k) = 
Fn+i + -Pfc-i-Pri-fc+1; with the equality holding if and only if Un.k — L^^k- 

Lemma 2.3 Let G he a connected graph and v G V{G). Suppose P{n,k,G,v) denotes the graph 
obtained from G by identifying v with the vertex Vk of a simple path V1V2 ■ ■ ■ Vn ( see Fig. 1 ). Let n — Am+i 
{ie {0, 1,2,3}, m>0). Then 

Z{P{n, 2, G, v)) < Z{P{n, 4, G, w)) < ■ • • < Z{P{n, 2m, G, v)) < 

< Z{P{n, 2m-l + 2l,G,v)) < ■■■ < Z{P{n, 3, G, v)) < Z{P{n, 1, G, v)), 

where I = [^J . 




Vl Vk Vn 

Figure 1. The graph P{n,k,G,v). 

Similarly, one can verify that for n — Am + i {i G {0,1,2,3}) and I = [|J, the following chain of 
inequalities holds 

PoFn < ^2-Pn-2 < FiF-n-i < ■ ■ < F2mF2m+i < ^2m-l+2i^2m+i+l-2; < ' ' ' < ^3-^^1-3 < -P'l^n-l- (7) 

By repeated use of Lemma l2.31 the extremal unicyclic graph with the maximal Hosoya index has only 
paths attached to some vertices of a cycle. 
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Lemma 2.4 fS^ Let P = uuiU2 • • ■ Utv he a path in G and G ^ P , the degrees of ui, U2, ■ ■ ■ ,ut in G are 
2. Let G\ denotes the graph that results from identifying u with the vertex Vk of a simple path V1V2 • ■ • Vk 
and identifying v with the vertex v^+i of a simple path Vk+iVk+2 ' " '^nj 1 < k < n ~ 1; G2 is obtained 
from Gi by deleting Ufc_iWfc and adding G3 is obtained from Gi by deleting Vk+iVk+2 cii^-d adding 



Note that the previous lemma holds also for i = (if the vertices ui,U2, ■ ■ ■ ,ut do not exist). 

3 The second maximal Hosoya index of unicyclic graphs 

In order to get the main result, we firstly determine unicyclic graphs with the second maximal Hosoya 
index in Un,k- 

Lemma 3.1 Let Un,k S lAn.k be a unicyclic graph with the second maximal Hosoya index and girth k 
(3 < fc < n — 2). Then Un.k must be of the form Hi (i = I, 2, 3) (see Fig. 2), where s + t + k = n. 

Proof. Let Ck be the unique cycle of Un,k- 

If there are at least three vertices on Ck of degree greater than 2, then by Lemma [2.31 and Lemma 
12.41 there exists a graph Gi of the form Hi such that Z{Un,k) < Z{Gi) < Z{Ln,k), which contradicts to 
the fact that Un,k has the second maximal Hosoya index. Hence, there are at most two vertices in Ck of 
degree at least 3 and let m be a vertex of Ck of degree greater than 2. 

If deg{u) > 5, by Lemma 12.31 and Lemma 12.41 there exists a graph G2 of the form H2 such that 
Z{Un,k) < Z{G2) < Z{Ln.k), which contradicts to the fact that C/„,fe has the second maximal Hosoya 
index. Hence, 3 < deg{u) < 4. Let u be a vertex of degree greater than 2, different from u. We consider 
the following two subcases. 

Assume first that v G V{Ck)- Similarly as above, we have 3 < deg{v) < 4. If at least one of the 
vertices u and v has degree 4, then by Lemma 12. 3[ there exists a graph G3 of the form Hi such that 
Z{Un,k) < Z{G'i) < Z{Ln^k)i which is a contradiction. Therefore, deg{u) — deg{v) — 3 and all other 
vertices of Un,k have degree 1 or 2. 

Let now v ^ V{Ck)- If there are other vertices different from v and not in Ck with degree greater than 
2, then by Lemma [2.41 we can get a graph 6*4 of the form H^ such that Z{Un,k) < Z{G4) < Z{Ln.k), 
which is impossible. Hence, we can assume that u and v are the only vertices of degree greater than 2 in 
Un^k- Similarly as above, we can conclude that deg{u) — deg{v) = 3. H 



Figure 2. Three classes of unicyclic graphs. 

Let jC-I^ k '^^ unicyclic graphs of the form like Hi [i — 1,2,3) (as shown in Fig. 3), 

respectively. 



wiu„. Then Z{Gi) < ^(Ga) or Z{Gi) < ZiGs). 




Ul Ut-l Ut 



Hi^Likis.t) 



H2=Llkis,t) 



H3 ^ Ll^{s,t-J) 
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Un-k-2 



Figure 3. The extremal unicyclic graphs. 
Lemma 3.2 Let n > 10. 

(i) If k > 3, J, (i = 1, 2, 3) (see Fig. 3) is the unique graph with the maximal Hosoya index in C\ ^. 
{i = 1,2,3), respectively. In L^^ j., the vertices uq and vq are adjacent; 

(ii) Ifk = 3, L^3(2,n — 5;3) (see Fig. 2) andL^^ (see Fig. 3) are the graphs with the maximal Hosoya 
index in £^3; 3 (i = 1,2) (see Fig. 3) is the unique graph with the maximal Hosoya index in 
£^3 (i — 1,2), respectively. In L}^^, the vertices uq and vq are adjacent. 

Proof. We distinguish the foUowing three cases. 
Case 1. For graphs in j,. 
By formula (O, we have 

Z{Ll^is,t)) = Z{Ll,{s,t)-voVi) + Z{Ll,{s,t)-vo-v,) 

= Z{P,)Z{Fa-s,k) + Z{Ps-l)Z{T.^^s-l) 

< Z{Ps)Z{Ln-s,k) + Z{Ps-i)Z{Pn-s-i), 

where T„-s-i is a tree of order n — s — 1. The equality holds if and only if r„_s_i = P„_s_i and 
consequently uq and vq must be adjacent in (see Fig. 2). In the following, we assume uq and 

vo are adjacent in L^^ 

Z{Llf,{s,t)) = Z(P,)Z(L„_,,fc) + Z(P,_i)Z(F„_,_i) 

— Fs+l{Fn-s+l + Fk-lFn-s-k+l) + -Fs-Fn-s 

= Fg+lFn^s+l + FgFn-s + Fk-1 ■ Fs-f-iFn-s-k+1 

= Fn+1 + Fk-1 ■ Fg+iFn-s-k+l- 

If s is odd, Z{Ll^ fe(s,i)) is strictly increasing with respect to s. If s is even, Z{Ll^ fc('Si^)) is strictly 
decreasing with respect to s. Therefore, it follows that 

Z{Ll,{2, n-k-2))> Z{Ll^{4, n - k - 4)) > ■ ■ ■ > Z{Ll,{2m, 2m + *)) > 

> Z{Ll,{2m - 1 + 2?, 2m + ^ + 1 - 2/)) > • • • > Z{Ll,iS, n - k - 3)) > Z{LIJ1, n-k- 1)), 

where n ~ k — Am + i, i ^ {0, 1, 2, 3} and / = [|J . Finally, we get that ^ is the only graph with the 
maximal Hosoya index in . 
Case 2. For graphs in j^. 

We can easily get the result from Lemma [2?3l It follows that j, is the only graph with the maximal 
Hosoya index in j,. 

Case 3. For graphs in £^ j.. 
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In order to prove the is the only graph with the maximal Hosoya index in £^ f, , it sufHces 

to veriiy that Z (Lf^ ^.{s , t; I)) < ^). For s > 1, by Lemma [^31 there is an integer Iq such that 

Z(L^ fc(2,n - k - 2; Iq)) > Z{Ll^ ki^,t; I))- For convenience, we denote G = Lf^ fc(2,f^ - k - 2; Iq). 

By formula ©, we have 

Z{G) = Z{G-v2) + Z{G-v2-vi) 

= ^(G - V2 - Vi) + Z{G - V2- Vi - + Z{G - V2- Vi) 
= 2Z(L„_2,fc) + Z{Pi„^i)Z{Ln-io-2,k). 

Z{Ll,) = Z{Ll,-x) + Z{Ll^~x^y) 

= Z{Ll^k -x-y) + Z{Ll^k -x-y-ui) + Z{Ll^k - x - y) 

- 2Z(L„_2,fe) + Z(Cfc)Z(P„_fe_3). 

Therefore, it follows that 

Z(L3 J ~ Z(G) = Z(Cfe)^(i^„_fe_3) - Z(Fio-l)^(in-;o-2,fc) 

= Z(Cfe)Z(P„_fe_3) - Z(Pio-i)[Z(Cfe)^(P„-fc-;o-2) + Z(Pfe_i)Z(P„_fc_,„_3)] 

= Z{Gk)Fn^k-2 — Fi„[Z{Ck)Fn-k-la-l + FkFn-k-la-2] 

= Z{Gk)[Fn-k-2 — ^io^ri-fc-io-l] ^ FigFkFn-k-lo-2 

= Z{Gk)Fig^lFn^k-lo-2 — FigFkFn^k-l„-2 

= [-Pfc+l-P'io-l + -Pfc-l-P'io-l ~ FigFk]Fn^k-lo-2 

= [SFfc-l-F'io-l ~ -Ffei^;Q_2]^'n-fe-io-2 

> [2Fk-lFig^i — FkFig^i]Fn-k-lo-2 

= [Fk-lFig^l — Fk-2Flg-i]Fn-k-lo~2 

= Fk^3Fla-lFn-k-lo-2 > 0. 

As above, it is easy to find that the equality holds if and only if s = 2 and l^) = n — k — 2, oi k ~ s — 2 
and Zo = 3. 

For k — Z, we have 

^(L^g) = 2Z(i„_3,3)+4-Fn-5; 

3(2, n - 5; 3)) = 2Z(L„_2.3) + 2Z(L„_5,3)- 

It is easy to verify that 

Z{Ll^^)-Z{Ll^^{2,n~b-i)) - 4^^„_5 - 2Z(L„_5,3) 

= 4i^„_5 — 2Fn-i — 2Fn-r 

= 0. 

This completes the proof. I 




U' U" 
Figure 4. Extremal graphs for k — n — 2 and k — n — 3. 
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Lemma 3.3 Let Un,k G Un.k\{Ln.k} be a unicyclic graph with girth k (S < k < n ~ 2) and n > 10. 

(i) If k ~ n — 2, then Z{Un.k) < ^iUn) — -Fn+i + Fn-3, with equality if and only if Un.k Z{U!^). 

(a) If k = n — 3, then Z{Un.k) ^ ^{^n) ~ Fn+i + 2-F'„_4, with equality if and only if Un,k ^{17'^). 

(Hi) If 3 < k < -^^-^ and k 7^ , then Z{Un,k) < ^n+i + '^Fk-iFn-k-i for k odd, with equality if and 
only ifUn,k = L\,k' Z{Un,k) < 2i^„_i + Ffc_iF„_fc+i + Ffc+iF„_fc_2 fork even, with equality if and 
only ifUn,k = Llj.. 

(iv) If k = ^3^, then Z{Un,k) < ^ji+i + "^Fk-iPn-k-i, with equality if and only Un,k — or 

UnM=Llk- 

-(/ ^^3^ < fc < n — 4, then Z{Un.k) ^ Fn+i + 2-F'fe-i-Fri-fe-i for k and n having the same parity, with 
equality if and only ifU^M = L\j,; otherwise, Z{Un,k) < '^Fri^i + Fk-iFn-k+i + with 
equality if and only if Un.k — F^ k- 

The graphs j,, ^, U'^, are shown in Fig. 3 and Fig. 4 o,nd uq is adjacent to Vq in U^, [/". 

Proof. For k — n — 2, from Lemma 13.21 the unique extremal graph is — L\ „_2- For k — n — 
from Lemma 13.21 and direct verification we have that the unique extremal graph is [/" = Z[L\ ^-3)- 
A; = 3, we can easily verify that Z{Ln^^) > Z{Ln^3), and Z{L\ r^) > Z{Ll^{2, n - 5; 3)). 

For 3 < fc < rt — 4, by Lemma [3.21 it suffices to compare the values Z{Ll^ f,), Z{L^ f,) and Z{L'^ j,). 

By formula ©, we have 

Z{Llk) = 2Z(i„_2,fe) + ^(P„-3), 

Z{Llk) - 2Z{Ln^2^k) + Z{Pk-i)Z{Ea-k-2), 

Z{LIj^) = 2Z(L„_2,fc) + ^(Cfc)Z(P„_fe_3). 

It is not difiicuh to verify that Z(L^) - Z{Llj^) ^ Fn-2 - FuF^-k-i > i^«-2 - i^3K-4 = K-5 > 
for n > 5. 

Z{Llk) - Z{Llk) = Z{Pn-3) - Z{Ck)Z{Pn-k-z) 

— Fn-2 — {Fk+1 + Fk-l)Fn-k-2 

~ FkFn-k-l + Fk-lFn-k-2 — Fk+lFn-k-2 ~ Fk-lFn-k-2 

— FkFn-k-1 — Fk+lFn-k-2 

= {-l)''+^Fn-2k-2 by formula ©. 

If 3 < fc < and fc 7^ then n > 2fc + 1. For n > 2fc + 2 it follows that Fn-2k-2 > 0, and for 
n = 2fc + 1 it follows that F^i = 1 > 0. Therefore, in both cases if k is odd, then j.) - ^(i^ k) > 0; 

if k is even, then Z{Ll ,^) - Z{Llj^) < 0. 

lik = ^, then F„_2fc_2 =Fo^0 and Z{Ll,) = 

If < k < n — 4:, then we have 

(-l)'=+lF„_2fe-2 = (-l)"+'(-l)''=+'-"^^2fe+2-„ = (-l)"+'=i^2fc+2-„. 

So, if k and n have the same parity, then Z{Ll^ ^) — Z{L^ > 0; otherwise, Z{Ll^ j.) — Z{Lf^ j.) < 0. 
This completes the proof. I 



7 



4 Ordering of unicyclic graphs with respect to Hosoya index 

In this section, we extend the resuh in [18 and order the first n — 1 unicychc graphs with respect to the 
Hosoya index for n > 11. For 5 < n < 10, using exhaustive computer search among aU unicychc graphs 
(with the help of Nauty |15j), we have the fohowing: 

If n = 5, then Z^C^) = 11 > Z^L^^^) = ^(^5,3) = 10 > Z(C/^) = 9. 

If n = 6, then ^(Ce) = 18 > Z{LeA) = 17 > ^(Le.s) = ^(^6,3) = 16 > Z{U^') = Z{U^) = 15. 
If n = 7, then Z{C^) = 29 > Z{L-ja) = Z{Lj^z) = 27 > ^(£7,3) = Z{LT,e) = 26 > Z{L] .^) = 
Z{U!j') = 25. 

If n - 8, then Z{Cs) = 47 > Z{Lsa) = ^(Ls.e) = 44 > Z{L^,^) - 43 > ^(is.s) = ^(^8,7) = 
Z{Ll,) = 42. 

If n = 9, then ^(Cg) = 76 > Z(L9,4) = Z{Lg,r) = 71 > ^(Lg.e) = ^(^9,5) = 70 > Z{Lg^s) = 
Z(L9,3) = Z{Ll^) = 68. 

If n = 10, then Z{Cw) = 123 > ^(^10^4) = ^(iio.s) = 115 > ^(^lo.e) = 114 > Z{Lioj) = 

Z(Lio,5) = 113 > Z{Lio,9) = ^(^10,3) = 110 > Z{LIoa) = ^(^^4) = ^(^lo.e) = 109. 
All other unicyclic graphs have strictly smaller Hosoya index. 

Theorem 4.1 For n > 11, the first n — I largest Hosoya indices of unicyclic graphs are: Z{Cn) > 

Z{Ln,A) > Z{Lnfi) > ■ ■ ■ > Z{Ln,2m) > Z {Ln,2m+l+2l) > ■ ■ > Z{Ln,5) > Z{Ln^z) > Z{L^^,^), wkerc 

n = 4to + i, i e {0, 1,2,3}, 1= [|J, and Z(Ln^k) = 2'(L„,„_fc+2)- 

Proof. Let Un be the set of all connected unicyclic graphs on n vertices. Since Un is the union of all 
Un,k, where k = 3, 4, . . . , n, we need to order the extremal graphs j,, p. and L„,fe, k = 3, 4, . . . , n 
based on the Hosoya index. It follows that for n > 11, the second to the (n — 2)-th largest Hosoya indices 
are exactly graphs Ln,k^ fc = 3, 4, . . . , n — 1, while the {n — l)-th largest Hosoya index is achieved uniquely 
by the unicyclic graph 4. 

Claim 1. Z(Li,4) > Z{Ll^^) > ■ ■> Z{L\^^) > Z{L\^^_,^^{) >■■■> ZiL^^) > Z{Ll^), where 
n = 4m + i, i £ {0, 1, 2, 3}, and / = [|J . 

First note that Z[L]^ ,,) = Z{L]^ n-k)^ ^^'^ assume k < ^. From the proof of Lemma [331 and 

Lemma [121 we have 

- ^(-^n,fc-l) = 2 ■ {Z{Ln-2,k) - Z{L,i-2,k-l)) 
= 2 ■ (Ffe_ii^„-fe-l — 

= 2(-l)'^- • Fn-2k+i by formula ©. 
Hence, if k is even, ,) - Z{Ll,_,) > 0; if fc is odd, Z{Ll,) - Z{Ll,_,) < 0. 

ZiLlk) - ZiLl,_,) = ZiLl,) - ZiLl,_,) + ZiLl,^,) ~ Z{LI^,^) 

= 2{ — l)^ ■ (F„_2fc+1 — ^ri-2fe+3) • 

Hence, if k is even, Z(L\ p^) - Z{Ll^_,) < 0; if fc is odd, Z{Ll^) - Z{L\ p^_^) > 0. 

Claim 2. Z{LnA) > Z{Lns) > ■ ■ > ^(i„,2m) > ^(in,2m+i+2i) > ' ■ ' > ^(i„,5) > ^(i«,3), where 
n = 4m + i, i £ {0, 1, 2, 3}, and / = [|J . 
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For the extremal graphs L„^fc, we have Z{Ln.k) = Z{Ln.n-k+2) and 

= (—1)'^ ■ Fn-2k+3- 

Using the formula ([7]), we complete the result. 

Claim 3. Z{Ll f,) < Z{Ll^^) for 3 < fc < n - 4, with equality if and only if fc = 4. 
Note that Z{Ll^^) = 2Fn-i + Fk-iF^-k+i + Fk+iFn-k-2 and ^(L^ ^) = 2Fn-i + F^Fn^^ + F^Fn^e- 
From formula (O, we have 

FaFn^s > Ffc_iF„_(fe_i) for 3 < fc < n - 4, fc ^ 4, 

and 

i^5i^„_i_5 > i^fc+ii^„_i_(fe+i) for 3<fc<n-4, fc^4, n-5. 

For the special case fc = n — 5, we have „_5) = 2F„-i + Fn-^F^ + Fn-A^F^ and obviously Z{L^ 4) — 

Z(L3_„_5) ^ F:iF^^^ - F4i^^„_6 = 2^^„_5 - 3^^„_6 = > 0. Therefore, it follows that Z{Ll^^) < 

Z{Ll 4), for 3 < fc < n - 4 and fc 7^ 4. 

Claim 4. The cycle C„ has the largest Hosoya index among unicyclic graphs [TH]- By using the 
above three claims, in order to prove that the extremal graphs Ln^k (fc = 3, 4, . . . , n — 1) are the next 
n — 3 unicyclic graphs with the largest Hosoya index, we need to compare the following Hosoya indices 



Z{Ln^k) = 


Z {Ln^n-k+2) 








= Fn\\ + 4F„_5, 




z{lU) 






z{K) 


— Fn\\ + 




z{K) 


= + 2Fn-4- 



It is easy to verify that ^(£^.4) > Z{U;^) > Z{U'^) and Z{Ll^^) > Z{Ll^^). Therefore, we need to 
estimate the difference 

A ~ Z{Ln^k) — Z{L^^ ,^) — Fn+l + Fk-lFn^k+1 — (S-Fn-l + 2F„_3 + 5F„_6)- 

Note that for fc > 3, Fk-iFn-(^k-i) > £2-Fn-2 = Hence, 

A > Fn+l + Fn-2 — 2i^,i_i — 2i^„_3 — 5Fn-6 
= 2_F'r,_2 — 2F„_3 — 5Fn~6 

= 2^^_5 3Fji^Q 

— '^Fn—i F^—Q 

= F„_9>0. 

This completes the proof. I 
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